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This thesis consists of theoretical 
studies on partially coherent pulses 
and polychromatic light. The physical 
spectra of Gaussian Schell-model 
pulses are illustrated and investigated. 
Coherence theory and the concept of 
propagation-invariance are utilized 
in the case of non-stationary fields to 
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Additionally, the problems occurring 
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ABSTRACT
This thesis consists of studies on partially coherent pulses and poly-
chromatic light. The focus is on three subjects covering the concepts
of physical spectrum, propagation-invariant pulses and measuring
the degree of spatial coherence of wide-band radiation.
First, the fact that measured spectrum differs from the source
spectrum is acknowledged. This observed spectrum, or physical
spectrum, is considered in the case of partially coherent Gaussian
Schell-model pulses and the effects of the measurement system are
examined and explained. Secondly, propagation-invariant fields,
which by definition maintain their transverse intensity profile upon
propagation, are studied. The focus is on non-stationary fields with
variable spectral and spatial coherence properties, and on providing
a method to easily bridge coherent pulses with polychromatic sta-
tionary fields. Different types of propagation-invariant pulses are
presented and compared using numerical simulations. Lastly, the
problem of measuring the spatial coherence of polychromatic light
with Young’s interferometer is looked into, and a solution to the
problem is provided and demonstrated with an appropriate mod-
ification to the interferometer. As a result, the proposed method
allows the measurement of spatial coherence of wide-band radia-
tion with a single measurement as in the monochromatic case.
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REFERENCES 45 1 Introduction
Today, the nature of light is perceived as dualistic in the sense that
light has properties of both particles and waves. This sounds rather
counterintuitive, which may very well be the reason why this view
was not suggested before the 20th century.
From the mid 17th century, when the particle and wave ap-
proaches were developed, they were considered separate and mu-
tually exclusive. The particle theory was championed by Sir Isaac
Newton, who developed the corpuscular theory of light on the ba-
sis of the work done by Pierre Gassendi [1]. Newton rationalized
that light is composed of corpuscles (small particles) traveling along
straight lines from the source [2]. The competing theory of the wave
form of the light was set in motion by Hooke in the 1660s and fur-
ther developed by Huygens [3]. Partly due to the prominent status
of Newton in the scientific community, his theory was the dominant
one until the end of 18th century.
The problems regarding the particle theory became evident in
the early 1800s, when Thomas Young conducted his famous exper-
iment of interference of light [4, 5]. In the experiment light enters
into two pinholes and the emerging light waves interfere with each
other. This creates a pattern of illuminated and dark areas, i.e. peri-
odical fringes, in the screen where the light is detected. The classical
explanation of the phenomenon lies within Huygens’ principle [5,6]
and as a result, Young’s experiment showed evidence of the wave
nature of the light. While not known at the time, Young’s experi-
ment also has an important connection with the coherence of light.
This was shown by Zernike [7], who connected the degree of spa-
tial coherence to the visibility, i.e. the contrast, of the interference
fringes. Young’s experiment partially led to the particle theory los-
ing popularity until the 20th century. The rise of quantum optics
in 20th century would once again, through the concept of photon,
make it relevant. The wave theory, however, could not be disre-
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garded, which eventually led to the idea of duality of light.
This increasing interest in optics eventually led to many impor-
tant discoveries and theories about the properties of light such as
the coherence theory. Its foundation lies in the fact that every realis-
tic light source contains random fluctuations which can be studied
using statistical means and correlation functions. The basis of the
coherence theory was laid, albeit not termed as such, by Verdet
with interferometric measurements of sunlight [8, 9], and Michel-
son’s experiments [10]. Introduction of correlation functions by
Wiener [11] and Khintchine [12] accompanied by van Cittert’s [13]
and Zernike’s [7] work on incoherent sources raised interest on co-
herence theory. This ultimately made it possible for Wolf [14–19],
Dumontet and Blanc-Lapierre [20] to formulate the modern rigor-
ous coherence theory, on which this thesis is largely based.
The basic tools needed in the subsequent sections of the the-
sis are presented in Chapter 2. The main focus is on coherence,
which as a notion is present in every following chapter. Addition-
ally, optical pulses are considered in the form of elementary pulses
and specific type of partially coherent pulses known as Gaussian
Schell-model (GSM) pulses. Chapter 2 concludes with basic infor-
mation about wave propagation by introducing the concept of an-
gular spectrum and the subject of propagation invariance. Follow-
ing chapters are devoted to different subjects of the thesis, which
are based on the results presented in papers I− IV.
First, the physical measurement of a spectrum is considered. It
is well known that the equipment used affects the spectral mea-
surement, making the observed spectrum different from the source
spectrum. This leads to the concept of physical spectrum, which
is introduced and defined mathematically in Chapter 3. The the-
ory is then applied to illustrate the physical spectra of GSM pulses
and analyze the results. These pulses are employed due to their
usefulness in realistic pulse modeling.
Chapter 4 focuses on propagation-invariant non-stationary fields.
In the past years, the concept of propagation invariance has been
connected to both stationary and non-stationary fields. Extensions
2 Dissertations in Forestry and Natural Sciences No 94
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to partially coherent fields have been made, but not quite thor-
oughly in the case of non-stationary fields. Chapter 4 introduces
a formulation of a method to present spectrally partially coher-
ent propagation-invariant pulses. Additionally, both spectrally and
spatially partially coherent pulses are considered. Examples and
comparison of both kind of pulses are provided together with nu-
merical simulations and a brief analysis of the results.
Next, measuring the spatial coherence of polychromatic light
with the classic Young’s interferometer is examined. Traditionally
with this setup, though for a good reason, only quasi-monochrom-
atic radiation is considered. Often overlooked fact is that due to
diffraction the spatial coherence of polychromatic light cannot be
measured with the standard Young’s interferometer. However, with
a modification to the system, this problem can be averted mak-
ing Young’s interferometer applicable with light of variable spectral
width. This is presented in Chapter 5 and the results are supported
by experimental and theoretical results.
Finally, Chapter 6 contains the conclusions and provides some
future aspects of the work presented in this thesis.
Dissertations in Forestry and Natural Sciences No 94 3
Kimmo Saastamoinen: Coherence of Propagation-Invariant Pulses and
Polychromatic Light
garded, which eventually led to the idea of duality of light.
This increasing interest in optics eventually led to many impor-
tant discoveries and theories about the properties of light such as
the coherence theory. Its foundation lies in the fact that every realis-
tic light source contains random fluctuations which can be studied
using statistical means and correlation functions. The basis of the
coherence theory was laid, albeit not termed as such, by Verdet
with interferometric measurements of sunlight [8, 9], and Michel-
son’s experiments [10]. Introduction of correlation functions by
Wiener [11] and Khintchine [12] accompanied by van Cittert’s [13]
and Zernike’s [7] work on incoherent sources raised interest on co-
herence theory. This ultimately made it possible for Wolf [14–19],
Dumontet and Blanc-Lapierre [20] to formulate the modern rigor-
ous coherence theory, on which this thesis is largely based.
The basic tools needed in the subsequent sections of the the-
sis are presented in Chapter 2. The main focus is on coherence,
which as a notion is present in every following chapter. Addition-
ally, optical pulses are considered in the form of elementary pulses
and specific type of partially coherent pulses known as Gaussian
Schell-model (GSM) pulses. Chapter 2 concludes with basic infor-
mation about wave propagation by introducing the concept of an-
gular spectrum and the subject of propagation invariance. Follow-
ing chapters are devoted to different subjects of the thesis, which
are based on the results presented in papers I− IV.
First, the physical measurement of a spectrum is considered. It
is well known that the equipment used affects the spectral mea-
surement, making the observed spectrum different from the source
spectrum. This leads to the concept of physical spectrum, which
is introduced and defined mathematically in Chapter 3. The the-
ory is then applied to illustrate the physical spectra of GSM pulses
and analyze the results. These pulses are employed due to their
usefulness in realistic pulse modeling.
Chapter 4 focuses on propagation-invariant non-stationary fields.
In the past years, the concept of propagation invariance has been
connected to both stationary and non-stationary fields. Extensions
2 Dissertations in Forestry and Natural Sciences No 94
Introduction
to partially coherent fields have been made, but not quite thor-
oughly in the case of non-stationary fields. Chapter 4 introduces
a formulation of a method to present spectrally partially coher-
ent propagation-invariant pulses. Additionally, both spectrally and
spatially partially coherent pulses are considered. Examples and
comparison of both kind of pulses are provided together with nu-
merical simulations and a brief analysis of the results.
Next, measuring the spatial coherence of polychromatic light
with the classic Young’s interferometer is examined. Traditionally
with this setup, though for a good reason, only quasi-monochrom-
atic radiation is considered. Often overlooked fact is that due to
diffraction the spatial coherence of polychromatic light cannot be
measured with the standard Young’s interferometer. However, with
a modification to the system, this problem can be averted mak-
ing Young’s interferometer applicable with light of variable spectral
width. This is presented in Chapter 5 and the results are supported
by experimental and theoretical results.
Finally, Chapter 6 contains the conclusions and provides some
future aspects of the work presented in this thesis.
Dissertations in Forestry and Natural Sciences No 94 3
Kimmo Saastamoinen: Coherence of Propagation-Invariant Pulses and
Polychromatic Light
4 Dissertations in Forestry and Natural Sciences No 94
2 Basic concepts
In this chapter we introduce the basic theoretical tools needed to
cover the later topics of the thesis. This includes the basics of coher-
ence theory based on the fundamental results for stationary fields
provided by Wolf [14–19], Blanc-Lapierre and Dumontet [20], and
non-stationary fields by Bertolotti et al. [21–23]. Additionally, spe-
cific non-stationary fields are examined in the form of elementary
pulses and partially coherent Gaussian Schell-model pulses. The
chapter ends with an introduction to wave propagation and the
concept of propagation invariance.
2.1 COMPLEX ANALYTICAL SIGNAL
While optical fields can be represented with real quantities, the
mathematics in this case can be cumbersome. As a remedy, it is
preferable to define real optical fields with a complex representa-
tion which includes the information of both the amplitude and the
phase of the wave.
Let us consider a real valued function Ur(r, t) depending on
position r and time t. If this function is square-integrable, we may
write it as a Fourier integral
Ur(r, t) =
∫ ∞
−∞
U˜r(r,ω) exp(−iωt)dω, (2.1)
where ω is the angular frequency and
U˜r(r,ω) =
1
2pi
∫ ∞
−∞
Ur(r, t) exp(iωt)dt. (2.2)
As the function Ur(r, t) is real valued, the relation U˜r(r,−ω) =
U˜∗r (r,ω) holds. This leads to the fact that positive frequencies con-
tain all the information and thus negative frequency components
can be omitted. Now we can write
U(r, t) = 2
∫ ∞
0
U˜r(r,ω) exp(−iωt)dω, (2.3)
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where ω is the angular frequency and
U˜r(r,ω) =
1
2pi
∫ ∞
−∞
Ur(r, t) exp(iωt)dt. (2.2)
As the function Ur(r, t) is real valued, the relation U˜r(r,−ω) =
U˜∗r (r,ω) holds. This leads to the fact that positive frequencies con-
tain all the information and thus negative frequency components
can be omitted. Now we can write
U(r, t) = 2
∫ ∞
0
U˜r(r,ω) exp(−iωt)dω, (2.3)
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which is known as the complex analytical signal [24]. The relation
between this and the real field is then
Ur(r, t) = ℜ{U(r, t)}, (2.4)
where the real part of a function is denoted by ℜ. It is also possible
to express the complex analytical signal as a Fourier-transform pair
U(r, t) =
∫ ∞
−∞
U˜(r,ω) exp(−iωt)dω (2.5)
and
U˜(r,ω) =
1
2pi
∫ ∞
−∞
U(r, t) exp(iωt)dt. (2.6)
It can be easily seen that the complex spectral amplitudes are con-
nected to the ones of the real field as
U˜(r,ω) =
{
2U˜r(r,ω), when ω ≥ 0,
0, when ω < 0.
(2.7)
2.2 COHERENCE FUNCTIONS
While in many cases fully coherent, monochromatic and determin-
istic waves can be considered for simplicity, realistic optical fields
never achieve this status. For example, the radiation coming from
light sources like the sun or light emitting diodes (LEDs) is poly-
chromatic and partially coherent. In reality, even the so-called co-
herent light sources such as lasers cannot be considered fully co-
herent in a strict sense. Optical coherence theory is a tool used to
examine these realistic fields and the random fluctuations in tem-
poral or spatial properties. Using statistical means, the fluctuations
can be studied and the behavior of seemingly random optical fields
can be predicted. Specifically, we are interested in the field at two
different points in space–time or space–frequency domain and find-
ing out the correlations of field fluctuations at these points. In this
section this is explored with functions, known as mutual coherence
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function and cross-spectral density function which define the coher-
ence properties of the field. Furthermore, it should be noted that
throughout this thesis, for simplicity, the vectorial nature of light
(e.g. electromagnetic fields) is not considered.
2.2.1 Coherence in space–time domain
Let us consider a non-stationary field at two different spatial points
r1 and r2 at two instants of time t1 and t2. The correlation of the
field fluctuations between these points in space–time coordinates
can be be described with
Γ(r1, r2, t1, t2) = �U∗(r1, t1)U(r2, t2)�, (2.8)
which is known as the mutual coherence function. Angle brackets
in Eq. (2.8) denote ensemble average, defined as
�g(r, t)� = lim
N→∞
1
N
N
∑
n=1
gn(r, t), (2.9)
where the functions gn(r, t) are realizations or in this case possible
values of random field variable U(r, t). If r1 = r2 = r and t1 = t2 =
t, then the field intensity
I(r, t) = Γ(r, r, t, t) = �|U(r, t))|2� (2.10)
is obtained. Using Eqs. (2.8) and (2.10) we may define the complex
degree of coherence
γ(r1, r2, t1, t2) =
Γ(r1, r2, t1, t2)√
I(r1, t1)I(r2, t2)
, (2.11)
which satisfies the conditions
0 ≤ |γ(r1, r2, t1, t2)| ≤ 1. (2.12)
If |γ(r1, r2, t1, t2)| = 0 the field is said to be completely incoherent
because there is no correlation between field realizations at points
r1 and r2 at two instants of time t1 and t2. In the opposite limit
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|γ(r1, r2, t1, t2)| = 1 the field realizations are fully correlated and
the field is said to be fully coherent. When the absolute value of the
complex degree of coherence is between the two extremes, the field
is partially coherent.
Let us next consider stationary fields which have the coherence
functions independent of the origin of time and only time difference
τ = t2 − t1 matters. Now Eq. (2.8) takes the form
Γ(r1, r2, τ) = �U∗(r1, t)U(r2, t+ τ)�t, (2.13)
where subscript t denotes time average defined as
�g(t)�t = lim
T→∞
1
2T
∫ T
−T
g(t)dt (2.14)
instead of ensemble average of Eq. (2.8). In this case the intensity
of the stationary field will be
I(r) = Γ(r, r, 0) = �|U(r, t)|2� (2.15)
and the complex degree of coherence is defined as
γ(r1, r2, τ) =
Γ(r1, r2, τ)√
I(r1)I(r2)
. (2.16)
2.2.2 Coherence in space–frequency domain
In order to investigate the spectral properties of the optical field,
it is necessary to consider field realizations in space–frequency do-
main. This can be done utilizing the theory presented in Sect. 2.1,
where the complex analytical signal U(r, t) has a Fourier transform
U˜(r,ω). Analogously to Eq. (2.8), we may define in the case of
non-stationary fields the cross-spectral density function
W(r1, r2,ω1,ω2) = �U˜∗(r1,ω1)U˜(r2,ω2)�. (2.17)
The correlations of the field fluctuations between the space–frequency
coordinates (r1,ω1) and (r2,ω2) are described by this function. It
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can be easily seen from Eqs. (2.5) and (2.6) that the connection be-
tween the mutual coherence function and cross-spectral density is
Γ(r1, r2, t1, t2) =
∫∫ ∞
0
W(r1, r2,ω1,ω2) exp[i(ω1t1 −ω2t2)]dω1dω2,
(2.18)
where
W(r1, r2,ω1,ω2) =
1
(2pi)2
∫∫ ∞
−∞
Γ(r1, r2, t1, t2)
× exp[−i(ω1t1 − ω2t2)]dt1dt2. (2.19)
Additionally, the spectral density of the field is defined as
S(r,ω) = W(r, r,ω,ω) (2.20)
and the complex degree of spectral coherence as
µ(r1, r2,ω1,ω2) =
W(r1, r2,ω1,ω2)√
S(r1,ω1)S(r2,ω2)
. (2.21)
Similarly to the case in Eq. (2.12), this satisfies the conditions 0 ≤
|µ(r1, r2,ω1,ω2)| ≤ 1 and the field is partially spectrally and spa-
tially coherent between the lower incoherent and upper fully coher-
ent limits.
In the case of stationary fields, we use Eq. (2.13) with Eq. (2.19)
and immediately see that
�U˜∗(r1,ω1)U(r2,ω2)� = W(r1, r2,ω1)δ(ω1 −ω2), (2.22)
which clearly states that in the polychromatic fields the frequency
components are uncorrelated. Now the mutual coherence and the
cross-spectral density functions are connected by a Fourier-transform
pair
Γ(r1, r2, τ) =
∫ ∞
0
W(r1, r2,ω) exp(−iωτ)dω (2.23)
and
W(r1, r2,ω) =
1
2pi
∫ ∞
−∞
Γ(r1, r2, τ) exp(iωτ)dτ. (2.24)
This transform is generally known as the Wiener–Khintchine theo-
rem for stationary fields.
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2.3 ELEMENTARYPULSESANDGAUSSIANSCHELL-MODEL
PULSES
In this section a method to model partially coherent non-stationary
fields is presented using identical pulses that, while mutually un-
correlated, are individually coherent. These fields, known as el-
ementary pulses, are temporally shifted in relation to each other
and the superposition gives the desired partially coherent field. As
an advantage, the elementary pulse representation offers an attrac-
tive means to model partially coherent non-stationary fields and
grants the possibility to move from stationary fields to fully coher-
ent pulses with ease. Also, in the case of propagating partially co-
herent fields, the standard process is usually numerically demand-
ing. However if the propagation characteristics of an elementary
field are known, the presented model may offer a faster computa-
tion time. The elementary pulse method [25] is a generalization of
the elementary mode representation in spatial domain, presented
by Gori and Palma [26, 27] with further development by Vahimaa
and Turunen [28] concerning non-pulsed fields.
2.3.1 Elementary pulses
Let us assume a continuum of identical, temporally fully coherent
pulses with center frequency ω0 forming an electromagnetic field.
Now the elementary pulse may be defined as
Ue(t) = a(t) exp(−iω0t), (2.25)
where a(t) is the functional form of the pulse envelope. In this
thesis, a(t) is considered as a real function, but in general it may
be complex. In view of Eq. (2.8) the correlation function of the
elementary pulse will be
Γe(t1, t2) = a
∗(t1)a(t2) exp[iω0(t1 − t2)], (2.26)
which is separable due to assumed full temporal coherence [29].
In order to model partially coherent fields, we set the elementary
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pulses to originate from different instants of time tp and weight
them by a real, positive and normalized function f (t) which defines
the modeled field. If the elementary pulses are uncorrelated, the
correlation function will then be in the form [25]
Γ(t1, t2) =
∫ ∞
−∞
f (tp)Γe(t1 − tp, t2 − tp)dtp
= exp[iω0(t1 − t2)]
∫ ∞
−∞
f (tp)a
∗(t1 − tp)a(t2 − tp)dtp.
(2.27)
It is obvious from Eq. (2.27) that the modeled field is stationary if
f (t) is constant. On the other hand if f (t) → δ(t), the field returns
to a single fully coherent elementary pulse. Additionally the field
is considered to be quasi-stationary if the weight function varies
slowly compared to the temporal width of the shape function a(t).
To achieve results in the spectral domain we may utilize Eq. (2.27)
with Eq. (2.19) (spatial coordinates omitted) and get
W(ω1,ω2) = A
∗(ω1− ω0)A(ω2− ω0)F(ω2− ω1), (2.28)
where A(ω) and F(ω) are Fourier transforms of the envelope func-
tion a(t) and weight function f (t), respectively.
2.3.2 Gaussian Schell-model pulses
Gaussian Schell-model (GSM) representation is commonly used to
model partially spatially coherent stationary fields [30–32]. GSM
beams have predictably much in common with typical Gaussian
beams, i.e. Gaussian intensity distribution, but also have proper-
ties which lead to reduced spatial coherence. In fact, the complex
degree of spatial coherence follows a Gaussian distribution as well.
Originally the GSM representation was conceived as a purely the-
oretical tool for modeling because of apparent advantages coming
from the simplicity of Gaussian functions in formulae. In addition
to the usefulness of the GSM representation in modeling, there have
been experiments which have showed that some partially coherent
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fields indeed obey the Gaussian Schell-model [33–35]. For exam-
ple, excimer lasers fall into this category [36]. Conveniently, the
GSM model can be extended to include non-stationary fields [37],
where the spectral (and temporal) coherence properties obey the
Gaussian-Schell model. Considering that GSM pulses can be gen-
erated with temporal modulation of stationary light [38], this makes
realistic pulse modeling possible.
It is well established that spectrally fully coherent Gaussian
plane wave pulses are defined by the cross-spectral density func-
tion [22]
W(z1, z2,ω1,ω2) = W0 exp
[
− (ω1 −ω0)
2 + (ω2− ω0)2
2Ω2
]
× exp[i(ω2z2 − ω1z1)/c], (2.29)
where W0 is a constant, Ω is the spectral width of the pulse and c
is the speed of light in vacuum. Using Eq. (2.21) clearly shows that
µ(z1, z2,ω1,ω2) = exp[i(ω2z2 −ω1z1)/c]. (2.30)
This indicates full correlation between frequency components in the
pulse since |µ(z1, z2,ω1,ω2)| = 1. To introduce partial spectral co-
herence to the pulse, we add a Gaussian factor in Eq. (2.30) so that
µ(z1, z2,ω1,ω2) = exp[i(ω2z2 − ω1z1)/c] exp
[
− (ω1 −ω2)
2
2Ω2c
]
,
(2.31)
where Ωc is the spectral coherence width. The cross-spectral den-
sity function of a GSM pulse is then
W(z1, z2,ω1,ω2) = W0 exp
[
− (ω1 −ω0)
2 + (ω2− ω0)2
2Ω2
]
× exp
[
− (ω1− ω2)
2
2Ω2c
]
exp[i(ω2z2 − ω1z1)/c].
(2.32)
It is clear from the equation above that the spectrum S(z,ω) is still
the same as that of the fully coherent pulse described by Eq. (2.29).
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If we let the variable Ωc approach zero, it is obvious that the pulse
will became more or less stationary. On the other hand, if Ωc ap-
proaches infinity, the pulse will return to a Gaussian plane wave
pulse.
In order to present GSM pulses in space–time domain, we uti-
lize Eq. (2.18) and the mutual coherence function will be
Γ(t1, t2, z1, z2) = I0 exp
[
− (t1 − z1/c)
2 + (t2 − z2/c)2
2T2
]
× exp
[
− (t1 − t2 − z1/c− z2/c)
2
2T2c
]
× exp[iω0(t1 − t2 − z1/c− z2/c)], (2.33)
where I0 =
√
2piW0Ω/T. Additionally
T =
(
1
Ω2
+
2
Ω2c
)1/2
(2.34)
and
Tc =
Ωc
Ω
T (2.35)
are the pulse duration and coherence time of the pulses, respec-
tively. From these, the spectral width and spectral coherence width
can be easily solved as
Ω =
(
1
T2
+
2
T2c
)1/2
(2.36)
and
Ωc =
(
2
T2
+
T2c
T4
)1/2
. (2.37)
It is worth noting that partially coherent GSM pulses can be mod-
eled with the theory presented in Sect. 2.3.1 simply by using Gaus-
sian forms in envelope and weight functions a(t) and f (t), i.e.
a(t) = a0 exp
(−t2/T2e ) (2.38)
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µ(z1, z2,ω1,ω2) = exp[i(ω2z2 − ω1z1)/c] exp
[
− (ω1 −ω2)
2
2Ω2c
]
,
(2.31)
where Ωc is the spectral coherence width. The cross-spectral den-
sity function of a GSM pulse is then
W(z1, z2,ω1,ω2) = W0 exp
[
− (ω1 −ω0)
2 + (ω2− ω0)2
2Ω2
]
× exp
[
− (ω1− ω2)
2
2Ω2c
]
exp[i(ω2z2 − ω1z1)/c].
(2.32)
It is clear from the equation above that the spectrum S(z,ω) is still
the same as that of the fully coherent pulse described by Eq. (2.29).
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If we let the variable Ωc approach zero, it is obvious that the pulse
will became more or less stationary. On the other hand, if Ωc ap-
proaches infinity, the pulse will return to a Gaussian plane wave
pulse.
In order to present GSM pulses in space–time domain, we uti-
lize Eq. (2.18) and the mutual coherence function will be
Γ(t1, t2, z1, z2) = I0 exp
[
− (t1 − z1/c)
2 + (t2 − z2/c)2
2T2
]
× exp
[
− (t1 − t2 − z1/c− z2/c)
2
2T2c
]
× exp[iω0(t1 − t2 − z1/c− z2/c)], (2.33)
where I0 =
√
2piW0Ω/T. Additionally
T =
(
1
Ω2
+
2
Ω2c
)1/2
(2.34)
and
Tc =
Ωc
Ω
T (2.35)
are the pulse duration and coherence time of the pulses, respec-
tively. From these, the spectral width and spectral coherence width
can be easily solved as
Ω =
(
1
T2
+
2
T2c
)1/2
(2.36)
and
Ωc =
(
2
T2
+
T2c
T4
)1/2
. (2.37)
It is worth noting that partially coherent GSM pulses can be mod-
eled with the theory presented in Sect. 2.3.1 simply by using Gaus-
sian forms in envelope and weight functions a(t) and f (t), i.e.
a(t) = a0 exp
(−t2/T2e ) (2.38)
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and
f (t) = f0 exp
�
−2t2/T2f
�
, (2.39)
where a0 and f0 are constants, Te and Tf are connected to pulse
duration as T = Te[1 + (Tf/Te)
2]1/2 and coherence time as Tc =
Te[1+ (Te/Tf )
2]1/2.
2.4 PROPAGATION OF WAVE FIELDS
2.4.1 Angular spectrum
The angular spectrum representation is a method to propagate wave
fields from a fixed source plane z = z0 to any other plane at z > z0.
This is based on the fact provided by Fourier analysis, that any
electromagnetic field can be presented as a superposition of plane
waves [39]. If we assume that there are no light sources at any plane
z > z0, the field representation is
U(x, y, z) =
�� ∞
−∞
A(kx, ky) exp[i(kxx+ kyy+ kz∆z)]dkxdky, (2.40)
where ki are the components of the wave vector, ∆z = z− z0,
A(kx, ky) =
1
(2pi)2
�� ∞
−∞
U(x, y, z0) exp[−i(kxx+ kyy)]dxdy (2.41)
and
kz =


�
k2 − k2x − k2y if k2x + k2y ≤ k2
i
�
k2x + k
2
y − k2 if k2x + k2y > k2.
(2.42)
The angular spectrum at any plane z > z0 can be obtained by
multiplying A(kx, ky) with exp[ikz(z − z0)]. In some instances it
is more convenient to use cylindrical coordinates for the transverse
wave vector in which case kx = f cos φ and ky = f sin φ, where
f =
�
k2x + k
2
y is the radial component of the wave vector. Then
14 Dissertations in Forestry and Natural Sciences No 94
Basic concepts
Eq. (2.40) will be in the form
U(x, y, z,ω) =
∫ ∞
0
∫ 2pi
0
f A( f , φ,ω)
× exp[i f (x cosφ+ y sin φ) + ikz∆z]dφd f , (2.43)
where
kz =
{√
k2 − f 2 if f ≤ k
i
√
f 2 − k2 if f > k
(2.44)
and
A( f , φ,ω) =
1
(2pi)2
∫∫ ∞
−∞
U(x, y, z0,ω)
× exp[−i f (x cosφ+ y sin φ)]dxdy. (2.45)
In order to examine the propagation of the coherence functions we
apply Eqs. (2.43) and (2.45) to Eq. (2.17). If we ignore the evanescent
waves, the cross-spectral density function will be
W(r1, r2;ω1,ω2) =
∫ ω1/c
0
∫ ω2/c
0
∫∫ 2pi
0
f1 f2T( f1, φ1, f2, φ2;ω1,ω2)
× exp[−i f1(x1 cos φ1 + y1 sin φ1) + i f2(x2 cosφ2 + y2 sin φ2)]
× exp[−ikz( f1;ω1)z1 + ikz( f2;ω2)z2]dφ1dφ2d f1d f2, (2.46)
where
T( f1, φ1, f2, φ2;ω1,ω2) =
1
(2pi)4
∫∫ ∞
−∞
W(x1, y1, 0, x2, y2, 0;ω1,ω2)
× exp[i f1(x1 cosφ1 + y1 sin φ1)]
× exp[−i f2(x2 cosφ2 + y2 sin φ2)]dx1dx2dy1dy2. (2.47)
This is known as the space–frequency domain angular correlation
function. For space–time domain observation, utilization of Fourier
transform of Eq. (2.46) is needed to achieve the mutual coherence
function.
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2.4.2 Propagation invariance
Let us consider a field that propagates in the direction of z axis in
Cartesian coordinates. Generally, due to diffraction, the field inten-
sity profile in the xy plane will not stay the same. There are however
field solutions, known as propagation-invariant fields, where the
transverse intensity distribution remains unchanged upon propa-
gation. As stated by Durnin [40], these are mathematically defined
as
I(x, y, z; t) = I(x, y, 0, t). (2.48)
While this condition is true, at least for stationary fields, there are
other ways to define propagation invariance. Differences in defini-
tions arise if we start considering coherence properties (temporal,
spectral, spatial) of the field. Different solutions may be acquired
for stationary and non-stationary fields using space–time or space–
frequency domain approaches as is done in paper III.
We proceed by utilizing the theory presented in Sect 2.2 and
define propagation invariance through coherence functions. If we
assume a non-stationary field, a definition where field correlations
are propagation invariant can be made using the mutual coherence
function
Γ(x1, y1, z, x2, y2, z; t1 + z/v, t2 + z/v) = Γ(x1, y1, 0, x2, y2, 0; t1, t2),
(2.49)
where v is the phase velocity of the field. The stationary case is
achieved by noting that the correlations depend only on time dif-
ference τ. Similarly to Eq. (2.48), it is possible to demand that the
instantaneous intensity remains unchanged as
I(x, y, z; t+ z/v) = I(x, y, 0, t). (2.50)
In spectral domain we may analogously insist that the spectral cor-
relations do not change upon propagation. Mathematically this can
be described for non-stationary fields as
W(x1, y1, z, x2, y2, z;ω1,ω2) = W(x1, y1, 0, x2, y2, 0;ω1,ω2), (2.51)
16 Dissertations in Forestry and Natural Sciences No 94
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which is similar with a stationary field, i.e. ω1 = ω2 = ω. As
expected, a definition can also be related to spectral density of the
field. Now at each frequency the intensity distribution remains un-
changed in propagation, i.e.
S(x, y, z;ω) = S(x, y, 0;ω). (2.52)
Compared to Eq. (2.51) this is a less strict definition. Utilization of
the plane wave representation with Eqs. (2.48)–(2.52) allows us to
examine partial coherence in both domains and find stationary and
non-stationary field solutions.
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3 Time-dependent physical
spectra of Gaussian Schell-
model pulses
The classic Wiener-Khintchine theorem in 1930s [11, 12] linked the
power spectrum with the temporal coherence function of stationary
fields, but this is a problematic definition if spectrum detection is in
question. The main objection is that a real light source can never be
fully stationary, i.e. it has a time of beginning. Also, as opposed to
Wiener-Khintchine definition, the detectable spectrum cannot de-
pend on the future random behavior of the field. Consequently,
alternative presentations are needed for spectrum definitions to ac-
commodate the needs of an experimental situation. The earliest def-
initions of time-dependent spectrum were given by Page [41] and
Lampard [42], sometimes cited as instantaneous spectrum [43] due
to the methodology. Even though these definitions are mathemati-
cally sound, there are problems with energy quantities. Including
these and many other attempts [44, 45] reaching from concepts like
locally stationary random processes [46] to quantum mechanical
ones [47], it suffices to say that the definition of spectrum is not as
straightforward as thought to be. Nevertheless, the concept of phys-
ical spectrum has been applied in experiments [48,49]. Nowadays it
is typical to measure the characteristics of ultrashort optical pulses
with methods like frequency-resolved optical gating (FROG) [50],
spectrochronography [51] or spectral phase interferometry for di-
rect electric field reconstruction (SPIDER) [52].
In this chapter we briefly discuss the concept of physical spec-
trum presented by Eberly and Wo´dkiewicz [53]. The theory is then
utilized to illustrate the physical spectra of Gaussian Schell-model
pulses and analyze the effect of detector properties and pulse co-
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herence on measurement. The results of this chapter are presented
in detail in paper I.
3.1 EBERLY-WO´DKIEWICZ PHYSICAL SPECTRUM
Let us first consider an electric field component V(t) incident on
a spectrometer which can be characterized by a linear and causal
filter with a temporal response function H(t,ω f , Bf). Alternatively,
we may use a frequency response function H˜(ω,ω f , Bf), which is a
Fourier transform of the temporal response function defined as
H˜(ω,ωf, Bf) =
∫ ∞
−∞
H(t,ωf, Bf) exp(iωt)dt. (3.1)
Now the detected field is
U(t) =
∫ ∞
−∞
H(t− t′,ωf, Bf)V(t′)dt′. (3.2)
The response of the filter is dependent on the setting frequency
ωf and the bandwidth Bf. Considering a photon counting detector
placed directly behind the filter, the expectation value of the photon
count on the detector is
R(t,ωf, Bf) = �U∗(t)U(t)� (3.3)
within a time period of [t, t+ dt]. Considering Eqs. (3.2), (3.3) and
(2.8), the spectrum seen in the physical measurement, i.e. physical
spectrum G(t,ωf, Bf) is then proportional to [53]
G(t,ωf, Bf) =
∫∫ ∞
−∞
H∗(t− t1,ωf, Bf)H(t− t2,ωf, Bf)Γ(t1, t2)dt1dt2.
(3.4)
A numerically equivalent result can be achieved by employing the
elementary pulse method as described in Sect. 2.3.1. In this case
the physical spectrum would be a weighted superposition of the
physical spectra of elementary pulses. A corresponding expression
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Time-dependent physical spectra of Gaussian Schell-model pulses
in the frequency domain can be obtained by considering Eqs. (3.1)
and (2.19). Then Eq. (3.4) will be in the form
G(t,ωf, Bf) =
1
(2pi)2
∫∫ ∞
−∞
H˜∗(ω1,ωf, Bf)H˜(ω2,ωf, Bf)
×W(ω1,ω2) exp[i(ω1 −ω2)t]dω1dω2. (3.5)
In order to evaluate the physical spectrum we first need to take
a closer look at the spectrometer properties. As discussed before,
a filter that fulfills causality and linearity conditions is placed in
front of a photon counting detector. In this case we have used a
tunable Fabry-Perot filter since it yields convenient results, at least
in the scope of numerical calculations. The basic principle behind
the Fabry-Perot filter is that light bounces back and forth between
two reflective surfaces before moving on [54]. As the bandwidth of
the filter is decreased, the number of round-trips of the light in the
filter is increased. This has a clear effect on the physical spectra as
we see later.
The temporal response function of the Fabry-Perot filter is
H(t,ωf, Bf) =
{
Bf exp[−(Bf + iω f )t] when t ≥ 0,
0 otherwise.
(3.6)
The frequency domain response function is obtained using Eq. (3.1)
and as a result we get
H˜(ω,ωf, Bf) =
Bf
Bf − i(ω − ωf) . (3.7)
Employing Eq. (3.6) or Eq. (3.7) depending on the domain used in
the approach, we may evaluate the physical spectrum of the desired
source using either Eq. (3.4) or Eq. (3.5).
3.2 PHYSICAL SPECTRA OF GAUSSIAN SCHELL-MODEL
PULSES
Let us next continue to evaluate the physical spectrum of Gaussian
Schell-model pulses presented earlier in Eq. (2.33), which also de-
fines the origin of time t = 0. For simplicity we observe the case
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z1 = z2 = 0 and insert Eq. (2.33) to Eq. (3.4). Now the evaluated
physical spectrum will be in the form [55]
G(t,ωf, Bf) =
√
pi I0B
2
f T exp
(
B2f T
2
)
exp(−2Bft)
×
∫ ∞
0
exp
(
−1
4
Ω2s2
)
cos(∆ωs)
× erfc
(
s− 2t+ 2BfT2
2T
)
ds, (3.8)
where ∆ω = ωf−ω0 and erfc is the complementary error function.
In order to examine the time evolution of the pulse, integration of
the physical spectrum over ωf should be taken. This leads to an
expression for time-dependent intensity
I(t, Bf) = 2pi
3/2 I0B
2
f T exp
(
B2f T
2
)
exp(−2Bft)erfc
(
−2t− 2BfT
2
2T
)
.
(3.9)
If the frequency content of the pulse integrated over time is of in-
terest, the result is found by examining the physical spectrum via
frequency domain, i.e.
G(t,ωf, Bf) =
B2f
(2pi)2
S(ωf)
∫∫ ∞
−∞
exp[it(S1 − S2) + S1S2/Ω2c ]
(Bf + iS1)(Bf − iS2)
× exp
[
−
(
1
2Ω2
+
1
2Ω2f
)
(S21 + S
2
2)
]
× exp
[
−∆ω
Ω2
(S1 + S2)
]
dS1dS2, (3.10)
where Si = ωi−ωf for i = 1, 2 and S(ωf) is obtained from Eqs. (2.20)
and (2.32). Integrating over time we get a non-analytic result
S(ωf, Bf) =
B2f
2pi
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This is the expected Voigt line shape [56], because a Lorentz filter
is used in filtering a Gaussian spectrum. Finally the total energy of
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the pulse can be obtained by integrating Eqs. (3.9) and (3.11) over
time t and frequency ωf, respectively. This results in
E(Bf) = 2pi
3/2Bf I0T, (3.12)
which obviously depends on the bandwidth of the filter. In practice,
the spectral measurement is done by scanning the setting frequency
ωf (in reality frequency band defined by bandwidth Bf) over the
spectrum of the pulse train.
Let us next proceed to the numerical simulations of the time-
dependent physical spectra of Gaussian Schell-model pulses using
illustrations. These provide some insight into the physical spec-
trum and the measurement process, as well as the physical reasons
behind their behavior.
First, we present density plots of the time-dependent spectra
G(t,ωf, Bf) as a function of t and ∆ω. In Fig. 3.1, the physical spec-
tra are calculated changing the bandwidth of the Fabry-Perot filter
while maintaining the pulse duration T = 2
√
2 and spectral width
Ω = 1. The choice of using spectral width as a unit is done to sim-
plify the numerical process. An examination of the figure reveals
three immediate observations.
Firstly, the pulse seems to arrive late to the photon counting de-
tector as the maximum value of the physical spectrum is achieved
when t > 0. The reason for this is quite intuitive if we consider the
nature of the Fabry-Perot filter. The more round-trips the light trav-
els in the filter, the later it will be detected. This is also the main rea-
son for the second phenomenon, the formation of a tail in the mea-
sured pulse as the bandwidth is decreased. This effect is also quite
self-evident if the time-frequency uncertainty principle is consid-
ered. Basically, if higher spectral resolution is desired, the temporal
resolution suffers and this appears as a tail in the physical spec-
trum. The third observation comes from the measured spectrum,
which is initially noticeably wider than the incident spectrum. The
physical reason for this is the same uncertainty principle. It is ob-
vious that the amount of spectral information is low if only a small
temporal part of the pulse has been detected. A larger portion of
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(3.9)
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Figure 3.1: Time-dependent physical spectra of a Gaussian Schell-model pulses as a func-
tion of t and ∆ω = ωf − ω0. The density plots are calculated with spectral filter band-
width values (a) Bf = 0.5, (b) Bf = 0.1 and (c) Bf = 0.01. In all figures pulse duration
T = 2
√
2 and spectral width Ω = 1.
the pulse reaching the detector leads to better spectral information,
though the limits set by the bandwidth dependence should be kept
in mind.
Figure 3.2 shows the time evolution of the pulse intensity which
is calculated using Eq. (3.9). The calculations are done using not
only different bandwidths as above, but also comparing different
combinations of pulse duration T and coherence time Tc. Not only
does the figure clearly show the expected tailing effect, but the ef-
fects of the pulse coherence are evident as well. If the optical path
the pulses travel is exceeding the coherence length Lc = cTc, the
replicas generated in the filter interfere less. As a result, the oper-
ation of the filter is impaired and the intensity distribution of the
transmitted pulse starts to resemble the one of the original pulse.
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Figure 3.2: Spectrally integrated physical spectrum, i.e. intensity distribution of a GSM
pulse with different values of the filter bandwidth Bf. (a) T = 2, Tc = ∞, (b) T =
Tc = 2
√
2, (c) T = 10, Tc ≈ 2.041. In all figures, solid line: original pulse, dashed line:
Bf = 0.5, dash-dotted line: Bf = 0.1, dotted line: Bf = 0.01.
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4 Partially coherent propaga-
tion-invariant pulses
After the introduction of non-diffracting beams (Bessel beams) by
Durnin in 1987 [40], the notion of propagation invariance has been
under heavy investigation. The problem of infinite energy in ideal
propagation-invariant beams was promptly taken into account and
finite-energy approximations were considered and demonstrated
[57–62]. Durnin’s scalar analysis has since been expanded to in-
clude electromagnetic theory [63–66] and other types of field solu-
tions than Durnin’s Bessel beams [67–70].
In the context of this thesis, particularly important has been the
introduction of propagation-invariant localized wave packets [71],
or pulses, known as X waves [72–75] and focus wave modes [76],
which are basically non-diffracting solutions of the free-space wave
equation. Fully coherent solutions of these fields have been shown
to be experimentally feasible [77–79] and studied extensively [80–
82].
As mentioned in Chapter 2, propagation-invariant fields can
also be partially coherent. While not so thoroughly investigated
as coherent fields, there have been studies regarding the matter.
Fundamental issues, like partially coherent propagation-invariant
stationary fields have been investigated [83] and demonstrated [84–
86]. However, partial coherence is still relatively underused in non-
stationary fields, so it is understandable that propagation-invariant
pulsed fields with varying coherence properties have only garnered
a little attention [87] and are not completely investigated.
In this chapter, we mainly focus on the non-stationary fields
with variable partial coherence properties. These include spectrally
partially coherent fields, discussed in detail in paper II. Also, both
spectrally and spatially partially coherent cases are considered ac-
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cording to paper III, which additionally provides insight on station-
ary fields with variable coherence properties. We especially remain
in the scalar approach for simplicity.
4.1 SPECTRALLY PARTIALLY COHERENT PROPAGATION-
INVARIANT FIELDS
Let us first examine a scalar optical field in the space–frequency
domain using the complex analytic signal representation. In the
field U˜(r,ω) = a(ω)U(r,ω), a(ω) is a random function and U(r,ω)
is deterministic. We assume that a(ω) is correlated in such a way
that
�a∗(ω1)a(ω2)� = g(∆ω), (4.1)
where ∆ω = ω2 − ω1. Here the frequency correlation function
g(∆ω) should be considered as a distribution. Also, the function
U(r,ω) is assumed to be propagation invariant so that
U(r,ω) = G(ω)K(x, y;ω) exp[iβ(ω)z], (4.2)
where
K(x, y;ω) =
∫ 2pi
0
A(φ) exp[iα(ω)(x cos φ+ y sin φ)]dφ. (4.3)
Here A(φ) is an arbitrary complex function, G(ω) is the functional
form of the frequency spectrum of the pulse, α(ω) and β(ω) are
transverse and longitudinal components of the wave vector at fre-
quency ω connected by the well-known dispersion relation α2(ω) +
β2(ω) = ω2/c2.
Let us proceed by selecting A(φ) = 2piim exp(imφ) in Eq. (4.3).
Utilizing cylindrical coordinates r = (ρ,Ψ, z) allows us to pick a
Bessel mode and leads to the cross-spectral density function
W(r1, r2;ω1,ω2) = g(∆ω)G
∗(ω1)G(ω2)Jm[α(ω1)ρ1]Jm[α(ω2)ρ2]
× exp(im∆Ψ) exp{i[(β(ω2)z2 − β(ω1)z1)]},
(4.4)
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where ∆Ψ = Ψ2−Ψ1. The same result would be achievable through
Eq. (2.46) assuming that the angular spectrum is limited on a single
Montgomery’s ring [88] and using an angular correlation function
T( f1, f2, φ1, φ2;ω1,ω2) = g(∆ω)
G∗(ω1)G(ω2)
α(ω1)α(ω2)
A∗(φ1)A(φ2)
× δ[ f1 − α(ω1)]δ[ f2 − α(ω2)], (4.5)
where the allowed radial spatial frequencies f are restricted by the
values of α(ω). Furthermore,
g(∆ω) = (1+ωr/Ωg) exp[−∆ω2/(2Ω2g)], (4.6)
where ωr is a reference frequency and parameter Ωg characterizes
the degree of spectral coherence. We continue to define the Fourier-
transform pairs
U(r;ω) =
1
2pi
∫ ∞
−∞
V(r; t) exp(iωt)dt, (4.7)
V(r; t) =
∫ ∞
−∞
U(r;ω) exp(−iωt)dω (4.8)
and
g(∆ω) =
1
2pi
∫ ∞
−∞
p(t) exp(i∆ωt)dt, (4.9)
p(t) =
∫ ∞
−∞
g(∆ω) exp(−i∆ωt)d∆ω. (4.10)
In view of Eq. (4.4), the cross-spectral density at single frequency
will be factorable in spatial coordinates. In practice this means that
the field is always spatially fully coherent in space–frequency do-
main, which is the pivotal assumption in paper III. This is clearly
seen by using the cross-spectral density function with Eq. (2.21),
which shows that |µ(r1, r2;ω,ω)| = 1. Consequently, the expres-
sion for the time–domain coherence function will be
Γ(r1, r2; t,∆t) =
1
2pi
∫ ∞
−∞
p(t′)V∗
(
r1; t− 1
2
∆t− t′
)
×V
(
r2; t+
1
2
∆t− t′
)
dt′, (4.11)
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where t = (t1+ t2)/2 and ∆t = t2− t1. In space–frequency domain,
allowing g(∆ω) → g(0) indicates full spectral coherence. In terms
of the weight function, according to Eq. (4.10) this leads to p(t′)→
2pig(0)δ(t′). Inserting this to Eq. (4.11) leads to mutual coherence
function
Γc(r1, r2; t,∆t) = g(0)V
∗
(
r1; t− 1
2
∆t
)
V
(
r2; t+
1
2
∆t
)
, (4.12)
where the subscript c means full coherence. This result leads to an
alternative format for Eq. (4.11), namely
Γ(r1, r2; t,∆t) =
1
2pig(0)
∫ ∞
−∞
p(t′)Γc(r1, r2; t− t′,∆t)dt′, (4.13)
which indicates that the mutual coherence function of a spectrally
partially coherent non-stationary propagation-invariant field can be
expressed using the elementary pulse method. As with the fully co-
herent case, the opposite limit is reachable as well with a suitable
choice of the weight function. If p(t′) → 2pi, the field is a con-
tinuum of coherent elementary pulses, in which case the result is
practically a polychromatic stationary field. Of course, partially co-
herent cases can be reached with appropriate choices of p(t′).
Using this model we may illustrate spectrally partially coher-
ent non-stationary propagation-invariant fields once we know the
space–time domain expressions for fully coherent fields. A good ex-
ample of highly localized waves can be provided with well known,
and experimentally demonstrated [77–79] X waves and focus wave
modes with differences in dispersion relation. The fully coherent
solutions of these fields are [89]
VXW(r; t) =
c0(2n)n
2m
√
ω0
Γ(2n)
Γ(m+ n+ 1)
Γ(m+ 1)
× (α0ρ)
m
(n+ iω0tr)m+n+1
exp(imΨ)
× 2F1
[
m+ n+ 1
2
,
m+ n+ 2
2
;m+ 1;−
(
α0ρ
n+ iω0tr
)2]
(4.14)
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and
VFWM(r; t) =
C0(2n)n
2m
√
Ω0
Γ(2n)
Γ(m/2+ n+ 1)
Γ(m+ 1)
× exp
[
−iµ
2
(z+ ct)
] (α0ρ)m
(n+ iΩ0tq)m/2+n+1
exp(imΨ)
× 1F1
[
m
2
+ n+ 1;m+ 1;− (α0ρ)
2
4(n+ iΩ0tq)
]
, (4.15)
where c0 and C0 are constants and α0 = ω0 sin θ0/c is the trans-
verse wave vector component with θ0 as the cone angle at center fre-
quency ω0 of the spectrum. Additionally tr = t− z cos θ0/c, µ/2 =
ω0 sin
2(ω0/2)/c, Ω0 = ω0 cos2(θ0/2) and tq = t− z/c. Moreover,
PFQ stands for generalized hypergeometric function, Γ for Gamma
function and the exponential term containing Ψ is known as the
spiral phase factor. Utilizing Eqs. (4.11) while assuming a Gaus-
sian weight function p(t) = p(0) exp(−2t2/T2p) and applying the
value θ0 = 20◦ corresponding to peak frequency ω0 (λ0 = 550 nm),
Bessel mode m = 0 and spectral power n = 10 with Eqs. (4.14) and
(4.15) leads to space–time magnitude plots (square roots of inten-
sity) shown in Figs. 4.1 and 4.2.
Figures show the utilization of the elementary pulse method
in the case of spectrally partially coherent pulses and the effects
of changing the temporal width of the Gaussian weight function
Tp = 2/Ωg from Tp → 0 to Tp → ∞, or in view of Eq. (4.6) pa-
rameter Ωg from Ωg → ∞ to Ωg → 0. It is clear from the figures
that in the case of full spectral coherence (Tp → 0), the X shape
of the pulse is clearly shown. Temporal broadening of the pulse
takes place when the degree of spectral coherence is lowered, i.e.
Tp is grown. It is apparent that the central maximum and X-arms
broaden temporally, and a temporally invariant section is beginning
to form in the cross-section of the X-arms near the z axis. This in-
dicates quasi-stationarity, and it is evident that decreasing spectral
coherence even further (Tp → ∞) leads to stationarity of the field
while the spatial localization stays high. Similar effects are seen in
FWMs, though slightly different because of the differences in the
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∗
(
r1; t− 1
2
∆t
)
V
(
r2; t+
1
2
∆t
)
, (4.12)
where the subscript c means full coherence. This result leads to an
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Γ(r1, r2; t,∆t) =
1
2pig(0)
∫ ∞
−∞
p(t′)Γc(r1, r2; t− t′,∆t)dt′, (4.13)
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space–time domain expressions for fully coherent fields. A good ex-
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VXW(r; t) =
c0(2n)n
2m
√
ω0
Γ(2n)
Γ(m+ n+ 1)
Γ(m+ 1)
× (α0ρ)
m
(n+ iω0tr)m+n+1
exp(imΨ)
× 2F1
[
m+ n+ 1
2
,
m+ n+ 2
2
;m+ 1;−
(
α0ρ
n+ iω0tr
)2]
(4.14)
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and
VFWM(r; t) =
C0(2n)n
2m
√
Ω0
Γ(2n)
Γ(m/2+ n+ 1)
Γ(m+ 1)
× exp
[
−iµ
2
(z+ ct)
] (α0ρ)m
(n+ iΩ0tq)m/2+n+1
exp(imΨ)
× 1F1
[
m
2
+ n+ 1;m+ 1;− (α0ρ)
2
4(n+ iΩ0tq)
]
, (4.15)
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rameter Ωg from Ωg → ∞ to Ωg → 0. It is clear from the figures
that in the case of full spectral coherence (Tp → 0), the X shape
of the pulse is clearly shown. Temporal broadening of the pulse
takes place when the degree of spectral coherence is lowered, i.e.
Tp is grown. It is apparent that the central maximum and X-arms
broaden temporally, and a temporally invariant section is beginning
to form in the cross-section of the X-arms near the z axis. This in-
dicates quasi-stationarity, and it is evident that decreasing spectral
coherence even further (Tp → ∞) leads to stationarity of the field
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Figure 4.1: Spectrally partially coherent X waves. Space–time profiles
√
I(r; t) plotted
with θ0 = 20
◦ , n = 10, r = (x, 0, 0) and (a) ω0Tp = 0 (coherent case), (b) ω0Tp = 5,
(c) ω0Tp = 10, (d) ω0Tp = 100.
dispersion relation compared to XWs.
The differences of XW and FWM solutions become more evi-
dent when we inspect the cross-sections of the magnitudes
√
I(r, t)
presented in Figs. 4.1 and 4.2. In Fig. 4.3, these are plotted with
values r = (x, 0, 0) at t = 0, corresponding the pulse waist. It can
be seen that the sidelobes are smoothed out more strongly in the
case of XWs when the spectral coherence is decreased, while trans-
verse resolution defining central maximum is nearly identical in
both. It is also clear that the XWs have noticeably lower sidelobe
level, which can be interpreted as better focal properties of XWs
compared to FWMs.
Additionally, we may inspect the spatial coherence properties in
time-domain as presented in Fig. 4.4 which is calculated using r1 =
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Figure 4.2: Spectrally partially coherent focus wave modes. Space-time profiles
√
I(r; t)
plotted with θ0 = 20
◦ , n = 10, r = (x, 0, 0) and (a) ω0Tp = 0 (coherent case), (b)
ω0Tp = 5, (c) ω0Tp = 10, (d) ω0Tp = 100.
(a) (b)
Figure 4.3: Transverse intensity profile with n = 10 for (a) XW and (b) FWM. Solid
line: ω0Tp = 0. Dashed line: ω0Tp = 5. Dash-dotted line: ω0Tp = 10. Dotted line:
ω0Tp = 100.
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values r = (x, 0, 0) at t = 0, corresponding the pulse waist. It can
be seen that the sidelobes are smoothed out more strongly in the
case of XWs when the spectral coherence is decreased, while trans-
verse resolution defining central maximum is nearly identical in
both. It is also clear that the XWs have noticeably lower sidelobe
level, which can be interpreted as better focal properties of XWs
compared to FWMs.
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time-domain as presented in Fig. 4.4 which is calculated using r1 =
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Figure 4.2: Spectrally partially coherent focus wave modes. Space-time profiles
√
I(r; t)
plotted with θ0 = 20
◦ , n = 10, r = (x, 0, 0) and (a) ω0Tp = 0 (coherent case), (b)
ω0Tp = 5, (c) ω0Tp = 10, (d) ω0Tp = 100.
(a) (b)
Figure 4.3: Transverse intensity profile with n = 10 for (a) XW and (b) FWM. Solid
line: ω0Tp = 0. Dashed line: ω0Tp = 5. Dash-dotted line: ω0Tp = 10. Dotted line:
ω0Tp = 100.
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(x, 0, 0), r2 = (0, 0, 0) and t1 = t2 = 0. It is clear that XWs with given
value of n are less coherent than FWMs with matching properties,
since the absolute value of the degree of coherence for FWMs is
nearly unity throughout the x axis. As we see this in the context
of Fig. 4.3, it can be said that decreased spatial coherence is not
linked to diminished resolution in the focal region as is usually the
case. Both of these differences once again arise from the dispersion
relation.
(a) (b)
Figure 4.4: Spatial coherence in space–time domain with n = 10 for (a) XW and (b)
FWM. Solid line: ω0Tp = 5. Dashed line: ω0Tp = 10. Dotted line: ω0Tp = 100.
4.2 SPATIALLY AND SPECTRALLY PARTIALLY COHERENT
PROPAGATION-INVARIANT FIELDS
Let us next consider fields that are not only spectrally, but also
spatially partially coherent. This is achieved by using angular cor-
relation function in the form of [90]
T( f1, φ1, f2, φ2;ω1,ω2) = g(∆ω)
G∗(ω1)G(ω2)
α(ω1)α(ω2)
C(φ1, φ2)
× δ[ f1 − α(ω1)]δ[ f2 − α(ω2)] (4.16)
with Eq. (2.46). In this case only one Montgomery’s ring is in-
volved and partial angular coherence is introduced with the term
C(φ1, φ2). Usually this selection does not lead to analytical solu-
tions, but the simplest choice of total angular incoherence where
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C(φ1, φ2) = δ(φ1 − φ2) yields the cross-spectral density function
W(r1, r2;ω1,ω2) = 2pig(∆ω)G
∗(ω1)G(ω2)
× exp{i[β(ω2)z2 − β(ω1)z1]}
× J0
{√
[α(ω2)x2 − α(ω1)x1]2 + [α(ω2)y2 − α(ω1)y1]2
}
, (4.17)
where
G(ω) =
1√
Γ(2n)(ω0 −ωmin)
(
2n
ω− ωmin
ω0 −ωmin
)n
× exp
(
−n ω −ωmin
ω0 − ωmin
)
(4.18)
with ωmin as the minimum frequency, below of which G(ω) van-
ishes. For X waves, α(ω) = ω sin θ/c and β(ω) is obtained from
the dispersion relation. By inserting Eq. (4.17) to Eq. (2.21), we
get for the degrees of coherence |µ(r1, r2;ω,ω)| < 1 for r1 �= r2
and |µ(r, r;ω1,ω2)| < 1 for ω1 �= ω2. This leads to a conclu-
sion that the field is spatially partially coherent at each frequency
and on the other hand spectrally partially coherent at each point in
space. Interestingly, selecting the frequency correlation function as
g(∆ω) = 1 does not guarantee full spectral coherence even though
it would be intuitive. This shows that including angular correla-
tions to Eq. (2.46) affects the degree of spectral coherence. We may
illustrate these fields by inserting Eq. (4.17) to (2.18) yielding the
mutual coherence function, and further utilizing Eq. (2.10). Obvi-
ously analytical results cannot be obtained, but numerical calcula-
tions provide results for XWs, depicted in Fig. 4.5. These space–
time profiles are achieved using the same values for variables as in
the previous section.
It can be seen from the figures that angular incoherence greatly
impairs the transverse localization of the XWs compared to the re-
sults in Fig. 4.1. Also, the longitudinal localization is impaired in
the same manner as in Sect. 4.1 when the spectral coherence is de-
creased.
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Figure 4.5: Spectrally and spatially partially coherent X waves. Space–time profiles√
I(r; t) plotted with θ0 = 20
◦, n = 10, r = (x, 0, 0) and (a) ω0Tp = 0 (coherent
case), (b) ω0Tp = 10, (c) ω0Tp = 100.
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5 Spatial coherence of poly-
chromatic light
Let us consider the classic Young’s interferometer. Traditionally,
the spatial coherence measurement assumes a quasi-monochrom-
atic light source [91], such as a laser, where the frequency band-
width of the light is narrow. This assumption is done even though
the mutual coherence function, which effectively is a measure for
the space–time coherence, does not require it. The problem arises
from the diffractive nature of Young’s interferometer, which leads
to complications when a broader spectrum light source is in ques-
tion. Given the importance of various broadband light sources such
as superluminescent diodes [92,93] and supercontinuum fields [94],
measuring the spatial coherence is instrumental in their characteri-
zation [95].
In this chapter, we investigate the necessary modifications to the
classical Young’s setup in order to use the visibility to measure the
spatial coherence of polychromatic light. The modified interferom-
eter is presented and its function is backed with measurements.
5.1 SPATIAL COHERENCE OF POLYCHROMATIC LIGHT
Let us consider light from a polychromatic source entering the tra-
ditional Young’s interferometer. For a single wavelength, the spher-
ical waves emerging from the pinholes interfere and form a peri-
odic fringe pattern in the observation plane. The period however
scales linearly as a function of wavelength. As a result the inter-
ference pattern emerging from polychromatic lighting will result in
colored fringes in the observation plane, making it impossible to de-
termine the spatial coherence from the visibility. This is presented
in Fig. 5.1(a).
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It is possible to circumvent this problem by using a spectrally
resolved interferometer, in which the values of the spectral degree
of coherence µ12 in space–frequency domain can be acquired sep-
arately. If the spectra in the pinholes are known, the time–domain
degree of coherence can be numerically calculated using the rela-
tion [96]
γ12(τ) =
∫ ∞
0
√
s1(ω)s2(ω)µ12(ω) exp(−iωτ)dω. (5.1)
Here si, i = 1, 2, are the normalized spectral densities at the pin-
holes. Another way, as proposed in detail in paper IV, is to modify
the Young’s interferometer in such a way that the coherence infor-
mation is acquired straight from the fringe pattern as in the classic
quasi-monochromatic case. In practice this requires that the scala-
bility of the fringe periods is removed so that the period will be the
same for each wavelength. This can be done with an achromatic
Fourier-transform system (AFT) as seen in Fig. 5.1(b). Now the
incoming spherical waves are transformed to plane waves which
arrive to the detector at angles θ(ω). In this case the fringe pattern
will be achromatized and the integration presented in Eq. (5.1) will
be done optically, leading to classic visibility measurement [7, 91]
V =
Imax − Imin
Imax + Imin
= 2
√
I1 I2
I1 + I2
|γ12(0)|, (5.2)
where Ii are the optical intensities at the pinholes. This allows the
direct measurement of the spatial coherence in the case of polychro-
matic light, which is an obvious advantage since it requires only a
single measurement.
5.2 SETUP AND MEASUREMENTS
The presented method relies on the use of an achromatic Fourier-
transform system, proposed by Katyl [97], which by definition achro-
matizes 2D Fourier-transform patterns. AFTs can be constructed in
many ways ranging from fully refractive lens setups [98] to ones us-
ing only diffractive lenses [99, 100], or hybrid systems having com-
binations of both types of lenses [101, 102].
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Figure 5.1: Spatial coherence measurement of polychromatic light. (a) With the traditional
Young’s interferometer. (b) With the AFT-modified Young’s interferometer. Note that the
amplitudes of the plane waves decrease further from the axis due to finite sized pinholes.
The AFT used in the present study consists of one standard
achromatic doublet and a diffractive lens placed 60.2 mm from the
doublet. The focal length of the achromatic doublet is 150 mm and
the diffractive lens has a focal length of 89.94 mm at the design
wavelength 571 nm. The pinholes and the AFT form the modified
Young’s interferometer in question. In order to show experimen-
tally that the fringe patterns are indeed achromatized with the AFT,
a measuring setup illustrated in Fig. 5.2 was constructed. The main
components, aside from the AFT, include three lasers (wavelengths
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transform system, proposed by Katyl [97], which by definition achro-
matizes 2D Fourier-transform patterns. AFTs can be constructed in
many ways ranging from fully refractive lens setups [98] to ones us-
ing only diffractive lenses [99, 100], or hybrid systems having com-
binations of both types of lenses [101, 102].
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Figure 5.1: Spatial coherence measurement of polychromatic light. (a) With the traditional
Young’s interferometer. (b) With the AFT-modified Young’s interferometer. Note that the
amplitudes of the plane waves decrease further from the axis due to finite sized pinholes.
The AFT used in the present study consists of one standard
achromatic doublet and a diffractive lens placed 60.2 mm from the
doublet. The focal length of the achromatic doublet is 150 mm and
the diffractive lens has a focal length of 89.94 mm at the design
wavelength 571 nm. The pinholes and the AFT form the modified
Young’s interferometer in question. In order to show experimen-
tally that the fringe patterns are indeed achromatized with the AFT,
a measuring setup illustrated in Fig. 5.2 was constructed. The main
components, aside from the AFT, include three lasers (wavelengths
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473 nm, 532 nm and 633 nm) and a CCD detector. The beams of
the lasers were combined into a single polychromatic beam and di-
rected to the modified Young’s interferometer. The achromatized
pattern is detected at the distance of 159.8 mm from the diffractive
lens with the CCD camera.
d1 2d
CCDDLACDP
f1 f2
CCD
633nm
532 nm 473 nm
Double Pinholes
with AFT
Figure 5.2: Measurement setup and achromatic Fourier-transform system in detail. Three
beams coming from two solid-state lasers (473 nm and 532 nm) and a He-Ne laser (633
nm) are combined with non-polarizing beam splitters and mirrors into a polychromatic
beam. The white light beam is directed into the Young’s interferometer with the AFT and
the achromatized fringe pattern is detected with a CCD camera. The double pinholes (DP),
30 µm×30 µm) in size, are 150 µm apart. An achromatic doublet (AC) with focal length
of f1 = 150 mm is placed directly behind the pinholes and a diffractive lens (DL) with
focal length of f2 = 89.94 mm (at design wavelength 571 nm) is placed at a distance of
d1 = 60.2 mm from the doublet. The separation of the diffractive lens and the CCD camera
is d2 = 159.8 mm.
As the polychromatic light source in this case consists of three
individually quasi-monochromatic and effectively spatially fully co-
herent lasers, the spatial degree of coherence |µ12(ω)| = 1 for each
laser frequency ω at the pinholes. Provided that the lasers are per-
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fectly aligned and the AFT is set up properly, the fringe patterns
should now be of the same scale for each ω. This should result in
100 percent visibility in the resulting polychromatic fringe pattern,
meaning |γ12(0)| = 1. If we look at the experimental results shown
in Fig. 5.3(a), the visibility seems to be very high. In fact, the re-
trieved data from the figure points to |γ12(0)| ≈ 0.93, which is close
to the expected value. Moreover, if we compare the experimental
fringe pattern with the simulated one, presented in Fig. 5.3(b), the
similarity of the fringe patterns is clear.
The accuracy of the experimental results presented here and in
paper IV are mainly affected by the component quality and po-
sitioning. In this particular system, the component selection was
limited to one diffractive lens for the AFT, which minimizes the
amount of errors due to fabrication. On the other hand, the sim-
plicity of the AFT is a degrading factor. While this system is ade-
quate for our purposes, more complex and effective AFTs have been
presented including multiple diffraction lens systems [100]. Addi-
tionally, the system and experiment demanded careful positioning
of the AFT, lasers and Young’s pinholes, which can greatly affect
accuracy. Nevertheless, the principle of the modified Young’s inter-
ferometer is justified and provides the means to apply it in spatial
coherence measurements of polychromatic radiation.
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Figure 5.3: Experimental and theoretical results of the fringe pattern of polychromatic light
with the modified Young’s interferometer. Three lasers with spatial degree of coherence
|µ12(0)| ≈ 1 are directed to the pinholes. The AFT adjusts the fringe pattern of each
wavelength to be the same, leading to high visibility. (a) Experimental measurement results
in spatial degree of coherence |γ12(0)| ≈ 0.93. (b) Theoretical results, |γ12(0)| ≈ 1. Red:
633 nm, Green: 532 nm, Blue: 473 nm, Black: Superposition.
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6 Conclusions
Partially coherent non-stationary optical fields have been examined.
This included the investigation of the physical spectra of Gaussian
Schell-model pulses and propagation-invariant pulses such as X
waves and focus wave modes. The former subject was concentrated
on the physical measurement of such fields, whereas the latter was
about supplementing the theory of propagation-invariant fields. In
addition to optical pulses, the last part of this thesis focused on the
measurement problem of spatial coherence of polychromatic light
with traditional Young’s interferometer and demonstrated how this
could be solved.
The notion of physical spectrum arises from the fact that spec-
tral measurement is always affected by the measuring device. In
other words, this means that the spectrum of a light source always
differs from the one obtained in measurement. While there are
many suggested ways to define the physical spectrum, the Eberly-
Wo´dkiewicz formulation to evaluate the time-dependent spectra of
partially coherent non-stationary fields, known as Gaussian Schell-
model pulses, was utilized. It was observed that the measurement
system clearly distorts the incoming spectrum depending on the
bandwidth of the filter. Moreover, the coherence properties of the
incoming field affected the time evolution of the measured pulse.
The measurement device in this case was a Fabry-Perot filter, but
other types such as a Gaussian or a spectroscopic grating filter
could be used analogously. The differences arise with the change
of spectral or temporal response of the filter. With the possibil-
ity of GSM pulse generation (for example excimer lasers), actual
experimental measurement of the physical spectra would be con-
ceivable. Also, in addition to GSM pulses, other types of fields can
be evaluated in the same manner. For example, Lorentz-Gaussian
pulses [25] can be considered.
Next, non-stationary propagation-invariant fields were exam-
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pulses [25] can be considered.
Next, non-stationary propagation-invariant fields were exam-
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ined. In particular, the focus was on partially coherent fields. It
was shown that spectrally partially coherent, but spatially fully co-
herent, propagation-invariant fields could be modeled with elemen-
tary pulse method. Here, the desired partially coherent field could
be constructed as a superposition of individually fully coherent,
but mutually uncorrelated pulses originating at different instants
of time. This method made an easy transition from fully coherent
fields to spectrally incoherent stationary fields possible. Applying
the model allowed the illustration of propagation-invariant pulses,
specifically X waves and focus wave modes with partial spectral
coherence. The general definitions of propagation invariance were
then used to examine pulses having also partial spatial coherence,
which had effects on the simulated X waves. It was noticed that the
angular correlations can reduce the spectral coherence even though
the frequency correlation function suggests otherwise. Although
the use of localized waves such as coherent X waves has been sug-
gested for example in the field of optical communications [103] and
imaging [104, 105], the possibility of applications with partially co-
herent solutions yet remains to be seen. This is partly due to the
fact that realization of these fields is difficult.
Finally, measuring the spatial coherence of polychromatic light
with a Young’s interferometer was considered. The obvious conclu-
sion was that the traditional double pinhole system does not work
under wide-band radiation. However, with a modification of the
interferometer, the situation could be remedied. Namely, the uti-
lization of an achromatic Fourier-transform system with the double
pinholes made it possible to measure the spatial coherence in the
case of polychromatic light source with a single measurement. The-
oretical results were verified by experimental measurements. Since
no proper broadband source, such as a superluminiscent diode
or supercontinuum radiation was used in this proof-of-principle
study, it would be interesting to apply the proposed setup to these
kinds of sources. Also a possibility would be to apply this to co-
herence measurements of non-stationary fields with broad spectral
distribution.
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Kimmo Saastamoinen
Coherence of Propagation-
Invariant Pulses and 
Polychromatic Light
This thesis consists of theoretical 
studies on partially coherent pulses 
and polychromatic light. The physical 
spectra of Gaussian Schell-model 
pulses are illustrated and investigated. 
Coherence theory and the concept of 
propagation-invariance are utilized 
in the case of non-stationary fields to 
introduce partially coherent X waves 
and focus wave modes. These optical 
fields are evaluated and the effects 
of partial coherence are examined. 
Additionally, the problems occurring 
in spatial coherence measurements of 
wide-band radiation with the Young’s 
interferometer are discussed and solved.
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